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1 Recovering Functions From Their Fourier Series

This lecture was given by a guest lecturer.

1.1 Recovering functions from their Fourier series

Theorem 1.1. Suppose that ® € C(R") satisfies |®(£)] < C(1 + [£])7"7¢, |[®V(2)| <
C(1+ |z])7"¢, and ®(0) = 1. Given f € L'(T"), for any t > 0, set

filzy=>" F(k)®(tz)e* e,
kezm
1. If f € LP(T™), then || f* — fll, = 0 as t — 0. If f € C(T"), then f* — f uniformly
ast — 0.

2. fY(x) — f(x) for every x in the Lebesque set of f.

Proof. First, let ¢ = @V, and let ¢¢(z) = t_”qb(t_lx). Then q/b\t(f) = ®(t£). Since |P(§)] <
C(1+1¢))7¢, we have ® € LY(R"). So ¢ € C(R™). And, moreover,

bi(x) =t "ot ) S C(A+ [t a)) T < O+ |2]) TS,

where the last inequality holds for ¢t <« 1. Also,

~ 0<t<1
or(§) = () < CA+1E))™ " < CR+tE)™ =Ct"=(1+[¢))™" .
Applying the Poisson summation formula for each fixed ¢, we get

S rw—k) =D (k)T = 3" (th)e*™ T =: gy (x) € L*(T") € L'(T").
kezn kezn kezZn

~

Then m(kz) = f(k:)zﬁt(k), as f,y € LlAfor each t. As vy € L? we have that
V() = D ez €™, which means that ¢, (k) = ®(tk) (since the Fourier series co-
efficients agree). So

— ~

F (k) = [(k)®(tk) = fi(k).



So we get f! = f x1; by taking the inverse Fourier transform. Hence, for all 1 < p < oo,
by Young’s inequality (and a theorem we have already proven),

1l = 1F * dellp < I Fllpllells < L Fllpllells = 1 F1pl 8111

So the operator f — f* is uniformly bounded in LP for 1 < p < oo.

Notice that @ is continuous and ®(0) = 1. We have ft = f uniformly if f is a
trigonometric polynomial, i.e. f(k) = 0 for all but finitely many k: f =37"", f(kj)e?mikie,
By the Stone-Weierstrass theorem, the trigonometric polynomials are dense in C'(T") and
hence also dense in LP(T™). So for all ¢ > 0, there exists a trigonometric polynomial f,
such that || f — fu|lp < e. Then

1F = Fllp < 1 = fall + 1 = fallp + 10 = £l
< llollallf = fally + Ifn = Fallp + ILfu = £llp
< (ol + De.

This proves the first statement.
For the second statement, without loss of generality, assume that 0 is a Lebesgue point
of f. With @ =[-1/2,1/2)", we have

FH0) = f % 144(0) = /Q f(@)e(—x) dw = /Q f@)dr(—x)dz+ 3 /Q F(@)bi(—y) da

k0

Since
lpe(z)| < Ct7™(1 + t*l\:z:|)’"’E =Ct(t+|z[) ™" < Cts\xr”*g,

we have
—n—e

ez + k)| < CFF| —x + k|75 < O |~ = Conter k|

2

for k # 0. So we get

D

k40

[ rwat-a ] < ez o] 2o

k40

On the other hand, if we define g = fl1g € L'(R"),

lim /Q F(@)ou(—a) dz = im g « 6,(0) = g(0) = F(0).

t—0

So we get that f(0) — f(0). O
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